We show that unusual nonlinear self-sustained waves, called nonlinear waveguide modes ͑NWGMs͒, can propagate along thin slabs of layered superconductors. We show that these waves are stable in the main approximation for extremely anisotropic superconductors if the nonlinear wave amplitude is smaller than a critical value. These modes have no analogs among linear Josephson plasma waves and do not exist in thick samples. The magnetic field of the NWGM is distributed symmetrically with respect to the middle of the slab, decays far from the sample, and can change its sign inside. The impedance ratio of the tangential electric-and magnetic-field amplitudes for NWGMs can be of the order of unity, resulting in a nonmonotonic dispersion relation, ͑k͒, strongly sensitive to the NWGM amplitudes. Thus, the "stopping light" phenomenon, now controlled by the magnetic-field amplitude, can be observed. Resonance excitations of the NWGMs should produce anomalies in the amplitude dependence of the reflectivity and transmissivity of the incident terahertz waves, which could be useful for terahertz devices.
I. INTRODUCTION
Progress in nanotechnology is stimulating intensive studies of electromagnetic waves ͑EMWs͒ propagating along artificially fabricated surfaces [1] [2] [3] in different media, including metals with modulated properties, 3, 4 arrays of coupled waveguides, 5 left-handed materials, 6 and superconductors. 7 The excitation of these waves produces a large variety of resonance anomalies in reflectivity, transmissivity, and absorptivity, 8 offering a new generation of optical nanodevices. Renewed interest in nonlinear surface and waveguide electromagnetic modes ͑see, e.g., Refs. 1 and 5͒ is now propelling a new surge of activity in this area.
In this broad context, a layered superconductor is a medium that allows the propagation of both nonlinear 9 and surface 7 waves ͑important for applications 10 ͒ in the terahertz frequency range. Surface waves and nonlinear effects are both due to the gap structure ͑e.g., Ref. 11͒ of the Josephson plasma excitation spectra experimentally observed via Josephson plasma resonance ͑e.g., Ref. 12͒. The nonlinearity of Josephson plasma waves ͑JPWs͒ becomes important even at small magnetic-field amplitudes if EMW frequency is lower than the Josephson plasma frequency J and 1 − 2 / J 2 Ӷ 1. In close analogy to nonlinear optics, 13 nonlinear JPWs exhibit numerous remarkable features, 9 including the slowing down of light, self-focusing effects, and the pumping of weaker waves by stronger ones. However, the nonlinearity of EMWs in layered superconductors is quite different from optical nonlinearities. This leads one to expect very different properties from known nonlinear EMWs.
Here we propose self-sustained JPWs propagating along a thin slab ͑−d /2Ͻ z Ͻ d /2͒ of a layered superconductor ͑both symmetric and antisymmetric with respect to the middle, z = 0, of the sample͒. The geometry of the problem considered here is shown in the inset to Fig. 1͑b͒ . Weakly nonlinear waves exist in slabs of arbitrary thickness d and coincide with linear surface waves 7 for d → ϱ. For thin slabs ͑d Շ ab , where ab is the in-plane magnetic field penetration depth͒, essentially nonlinear waveguide modes ͑NWGMs͒ are predicted here. Surprisingly, even though the magnetic field H for NWGMs can be very small, the electric field E remains strong. Besides, the magnetic field of the NWGM at the sample surface can be much weaker than the one in the middle of the slab. For this case, the wave amplitude significantly affects the dispersion properties of the NWGMs. The dispersion relation, ͑k͒, for this wave mode is nonmonotonic ͑here, k is the wave vector͒. As a result, the stop-light phenomenon, ‫͑ץ‬k , H͒ / ‫ץ‬k = 0, controlled by the magneticfield amplitude H can be observed. We analyze the stability of these waves for very anisotropic superconductors, with anisotropy ab / c Ӷ 1, where c is the out-of-plane penetration depth. We show that the NWGMs are stable if the wave amplitude is smaller than a critical value. The NWGMs predicted here can be experimentally observed via resonance anomalies in the amplitude dependence of the reflectivity and transmissivity of the incident terahertz waves.
II. MODEL
The Maxwell equations for EMWs in vacuum ͑z Ͼ d /2͒ determine the distributions of the magnetic ͑directed along the y axis͒ and electric fields,
It follows from these two equations that
All higher harmonics arise only for higher-order approximations. Similarly, we find that
Higher harmonics determine an additional damping mechanism related to the radiation friction of the NWGMs ͓see the term ϰa 1 2 a 3 in the first equation of Eq. ͑6͔͒, which we do not study here.
Therefore, below we restrict our study only to the first harmonic a 1 ϵ a, which obeys the equation
which is correct with an accuracy of about ͑1−⍀ 2 ͒ / 100.
IV. WAVEGUIDE MODE
For symmetric and antisymmetric solutions, we use the boundary conditions aЈ͑0͒ = 0 and a͑0͒ = 0, respectively, in the middle of the sample. The electromagnetic fields are related to a͑͒ as follows:
͑10͒
Here, h is a dimensionless magnetic field, prime denotes d / d, the scale of the magnetic field is H 0 = ⌽ 0 /2s c , ⌽ 0 is the flux quantum, s is the interlayer spacing, and ⑀ is the interlayer dielectric constant. The matching of the impedance ͓continuity of E x ͑z͒ and H͑z͔͒ at the sample surface z = d /2 results in the dispersion relation of the NWGMs:
The factor
provides the amplitude dependence of the spectrum of the self-sustained waves. This factor has to be obtained by solving Eq. ͑9͒. In Eq. ͑11͒, we denote
A. Phase trajectories of self-sustained modes
The decay of the wave in vacuum ͑kc Ͼ ͒, which is the necessary condition for waveguide modes, implies the inequality ӷ 1 at small 1 − ⍀ 2 . Since there is no dependence in the coefficients of Eq. ͑9͒, we can use the standard substitution aЈ = p͑a͒ to obtain the first integral. In the limit ӷ 1, Eq. ͑9͒ yields
The phase diagram of Eq. ͑13͒, i.e., the set of aЈ͑a͒ curves for different constants G, is shown in Fig. 1͑a͒ . Different phase trajectories correspond to different types of selfsustained waves in the superconducting slabs. Solid circles mark the sample boundaries, open circles indicate the middle of the slab, and arrows show the direction of motion along the trajectories when increases. In order to match the vacuum-superconductor boundary conditions, the starting and ending points of trajectories should be within the interval from − ͱ 8 to ͱ 8. Trajectories confined between ± ͱ 8/3 are weak-amplitude modes, called below as quasilinear modes. For these modes, the effective magnetic field h increases with a ͓Fig. 1͑b͔͒ according to Eq. ͑10͒. The quasilinear waves can be both symmetric and antisymmetric, and transform to linear surface waves 7 when approaching the point ͑0,0͒ in Fig. 1͑a͒ . The trajectories with ͉a͉ Ͼ ͱ 8 / 3 represent symmetric strong-amplitude NWGMs with "reverse" dependence h͑a͒ ͓see Fig. 1͑b͔͒ , i.e., h decreases when increasing a. This is responsible for the unusual properties of highamplitude NWGMs: the electric-field amplitude E z can increase inside the sample, while the magnetic-field amplitude H decreases. There are no strongly nonlinear self-consistent antisymmetric NWGMs.
B. Quasilinear waves
The dashed ͑blue͒ and dotted ͑orange͒ trajectories in Fig.  1 describe the symmetric and antisymmetric waves having the spectrum in Eq. ͑11͒, with
for m = 1 and m = −1, respectively. Here we assume
For thick slabs, d → ϱ, the trajectories for both symmetric and antisymmetric waves tend to the dash-dotted trajectory corresponding to the nonlinear surface wave. For h → 0 and d → ϱ, the spectrum ͑14͒ coincides with the spectrum of linear surface waves obtained in Ref. 7 when ignoring the effect of charge neutrality breaking. 15 Note that the incorporation of charge neutrality breaking has to be done with careful accounting of the so-called additional boundary conditions 16 which could strongly affect the wave spectrum. Here, we neglect this effect, and assume it to be weak, in agreement with experiments. 17 For the parameters corresponding to the Bi 2 Sr 2 CaCu 2 O 8+␦ compounds, the spectrum of symmetric quasilinear waves is located close to the "vacuum light line," = ck, and deviates from this line only at very small values of 1 − ⍀ 2 ϳ ab 2 / ⑀ c 2 . Thus, these waves are unlikely to be excited in Bi 2 Sr 2 CaCu 2 O 8+␦ compounds. However, for artificial superconducting multilayers, or other compounds such as YBa 2 Cu 3 O 7−␦ , the conditions for symmetric quasilinear wave excitations could be satisfied.
Concerning the antisymmetric quasilinear waves, their spectrum shifts far from the vacuum light line for thin slabs, d Ӷ c ͑see Fig. 2͒ . The electromagnetic field of these waves has a very simple, almost linear distribution inside the sample ͑inset in Fig. 2͒ and decays in vacuum over a short enough ͑submillimeter͒ distance. Due to the latter, layered Bi 2 Sr 2 CaCu 2 O 8+␦ superconductors can act as a waveguide for the antisymmetric terahertz modes. Also, nonlinear antisymmetric waves can produce Wood-type anomalies 2 in both amplitude and angular dependence of the reflectivity, transmissivity, and absorptivity coefficients. Similar properties are also inherent for the symmetric strongly nonlinear waves considered below.
C. Symmetric strong-amplitude NWGMs
The function f s in Eq. ͑11͒ describing the deviation of the spectrum of the NWGMs from the vacuum light line has a very complicated structure with asymptotics: This allows one to construct a simple interpolation of the dispersion relation
where the threshold amplitude
defines the lowest value of the magnetic-field amplitude at the sample surface: at lower fields, the predicted NWGMs do not exist. The interpolation formula Eq. ͑18͒ is in perfect agreement with numerical results ͑see Fig. 3͒ obtained by the integration of Eq. ͑13͒.
The spectrum of the strong-amplitude NWGMs is nonmonotonic ͑Fig. 3͒ and ⍀͑k͒ reaches the minimal value
Thus, the stop-light phenomenon, ‫͑ץ‬k , H͒ / ‫ץ‬k = 0, occurs in the terahertz superconducting waveguide. This stop-light effect can be easily controlled by the magnetic-field amplitude. It is interesting to note that the spectrum of the NWGMs is located between ͑k s , ⍀ s ͒ and ͑k f , ⍀ f ͒. At these peculiar points of the spectrum, the value of the dimensionless magnetic-field amplitude h achieves its critical value h crit = h͑a = ͱ 8/3͒ = ͱ 32/27 ͑22͒ ͓see Fig. 1͑b͔͒ . At the sample edges z = d /2, aЈ tends to infinity according to Eq. ͑13͒, but hЈ is not singular.
For the strong-amplitude NWGMs, the magnetic-field amplitude at the sample surface is less than inside the slab, while the phase a͑͒ and, thus, the electric field E z do not significantly change in the sample ͑see inset of Fig. 3͒ . Due to this feature, e.g., H͑0͒ / H͑d /2͒ ӷ 1, the spectrum of the NWGMs is remarkably far from the = ck line despite the smallness of the parameter ab / ͱ ⑀ c in Eq. ͑11͒.
The numerical analysis of Eqs. ͑9͒ and ͑11͒ ͓or Eq. ͑18͔͒ shows that strong-amplitude NWGMs exist for sample thicknesses d smaller than some critical value d c because of the instability of NWGMs for thick samples ͑see the next section͒. This threshold thickness d c depends on the sample parameters ͑in particular, ␥ = c / ab and ͒ as well as the NWGM frequency and wave vector. However, d c is about several ab in any realistic case. For given parameters of the incident EMW and material characteristics ͑e.g., ␥ and ͒, the amplitude of the magnetic field and the gauge-invariant phase oscillations increase in the middle of the sample when the sample thickness d grows. When d Ͼ d c , the largeamplitude NWGMs suddenly become unstable. However, the large-amplitude NWGMs are stable with respect to small perturbations when d is smaller than d c .
V. STABILITY OF STRONG-AMPLITUDE WAVEGUIDE MODES
To study the stability of NWGMs with respect to small perturbations, we seek a solution of Eq. ͑4͒ in the form Here, the first term is the solution corresponding to the strong-amplitude NWGM studied above. The other two terms are small fluctuations that could result in a modulating instability. A positive Re͑⌳͒ would produce a modulational instability with wave vector q. The fluctuations can be symmetric,
or antisymmetric,
with respect to the middle of the sample, = 0. Following the approach presented in Sec. III, we now keep only the first harmonics of the cubic term in the coupled sine-Gordon equation ͑4͒. For simplicity, we neglect the coordinate dependence of the nonlinear wave amplitude a͑͒. Indeed, the NWGM amplitude is almost constant across the sample cross section, as seen in the inset of Fig. 3 . Substituting Eq. ͑23͒ into the coupled sine-Gordon equation ͑4͒, we obtain a set of linear homogeneous algebraic equations for the constants ␣ and ␤, which are the same for both symmetric and antisymmetric solutions,
Nontrivial solutions for ␣ and ␤ exist if the determinant of the system of Eqs. ͑27͒ is zero. This results in
͑28͒
The fluctuating field is the sum of two terms corresponding to two solutions, p 1 and p 2 , for p in Eq. ͑28͒. We now analyze the symmetric fluctuations only,
The analysis of the antisymmetric fluctuations ͑in the limit ab / c → 0͒ is similar and leads to the same results.
Matching the impedance at the sample boundary, we derive the long equations ͑A13͒ and ͑A14͒ for the coefficients ␣ and ␤ specified in the Appendix. However, these equations contain a very small parameter ab / c Ӷ 1, which is about 1 / 500 for Bi2212. In the leading approximation with respect to this parameter, Eqs. ͑A13͒ and ͑A14͒ are reduced to
Equating the determinant of this set of equations to zero, we obtain the dispersion relation for the increment ⌳, 
͑31͒
Since 1 − ⍀ 2 Ӷ 1 and ͑1−a 2 /2+3a 4 /64͒ Ͼ 0 for a 2 Ͼ 8/3, we conclude that the roots of this equation are purely imaginary for NWGM amplitudes if a Ͻ a c Ϸ 3.87. At higher amplitudes, a Ͼ a c , the roots with nonzero real part appear and two of them have positive real parts. The numerical solution of Eqs. ͑9͒ and ͑11͒ shows that the wave amplitude a is significantly higher than the critical value a c if the sample thickness is close to its maximum value d c .
Near the critical amplitude a c , the instability increment ⌳ can be written as
͑32͒
For the trivial solution of Eqs. ͑30͒, we obtain
Using Eqs. ͑28͒ and ͑A1͒, we derive a quadratic equation for ⌳
Both roots of this equation are imaginary. Thus, in the main approximation with respect to the small parameter ab / c Ӷ 1, the increments ⌳ are imaginary and the NWGMs considered are stable at low amplitudes when a Ͻ a c . Otherwise, a modulating instability can develop.
VI. ANOMALIES IN THE AMPLITUDE DEPENDENCE OF THE REFLECTION COEFFICIENTS DUE TO THE RESONANCE EXCITATION OF THE NONLINEAR WAVEGUIDE MODES
In this section, we show that nonlinear waveguide modes can be excited in a superconducting slab using two dielectric prisms. As a result of the NWGM excitation, a resonance increase of the electromagnetic absorptivity can be observed if the ac amplitude, frequency, and wave vector satisfy the dispersion relation, Eq. ͑18͒. Let us now consider the p ͑TM͒-polarized plane monochromatic electromagnetic wave incident from the dielectric prisms through the vacuum interlayers onto a plate of layered superconductor, from both of its sides ͑see Fig. 4͒ . This experimental configuration corresponds to the so-called prism method of excitation of surface waves ͑also known as Otto configuration 18, 19 ͒ with attenuated total wave reflection. Usually, the incident angle is varied in one-sided or unilateral experiments, and the resonance suppression of the wave reflection is observed if the wave vector k x = ͑ ͱ / c͒sin͑͒ satisfies the dispersion relation for the surface wave in a conductor. Here is the dielectric constant of the prisms.
Two essential additional features of this proposed experiment are important for our case. First, the superconducting plate is excited on both sides, resulting in the magnetic field of the incident waves symmetric with respect to the middle of the superconducting plate. Second, the considered waveguide mode is nonlinear. This offers a possibility to observe the anomalies in the reflection coefficient and absorptivity as a function of the amplitude of the incident wave with given frequency and incident angle. This allows one to distinguish the predicted nonlinear waveguide modes from linear ones ͑for which there is no amplitude anomaly͒. Namely, if the sum of the magnetic fields of the incident and reflected waves at the sample surfaces takes the resonance value H res , a sharp decrease of the reflection coefficient and increase of the electromagnetic absorption should be observed.
VII. CONCLUSIONS
The dependence of the dispersion relation on the wave amplitude is the main feature that can be used to experimentally distinguish the predicted NWGMs from ordinary plasma waves. The excitation of NWGMs produces an increase in the EMW absorption by the sample near the plasma frequency if the amplitude of the incident wave H exceeds the threshold value H t ͓Eq. ͑19͔͒. Using characteristic values for BSCCO ͑ ab = 200 nm, ␥ = 200, = 20, and s =15 nm͒ and assuming that the sample thickness d is equal to ab , we obtain H t Ϸ 2 ϫ 10 −3 Oe, which corresponds to a power of the incident ͑from the vacuum͒ EMWs of the order of 1 mW/cm 2 . Thus, we predict the existence of both strongly nonlinear symmetric and weakly nonlinear antisymmetric waveguide modes, which propagate in a thin slab of layered superconductors and decay fast enough in the vacuum. The spectrum of strongly nonlinear symmetric waveguide modes is nonmonotonic, resulting in a "stop-light" effect controlled by the magnetic-field intensity. These nonlinear self-sustained waveguide modes could be observed via amplitude and angular anomalies in the reflectivity and absorptivity of incident terahertz electromagnetic waves. The predicted terahertz modes could be potentially useful for the design of terahertz waveguides, detectors, and filters. 
